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Abstract. Wc study the recurrence and crgodicity for the billiard 
on noncompact polygonal surfaces with a free, cocompact action 
of Z or Z 2 . In the Z-pcriodic case, we establish criteria for recur- 
rence. In the more difficult Z 2 -pcriodic case, we establish some 
general results. For a particular family of Z 2 -periodic polygonal 
surfaces, known in the physics literature as the wind-tree model, 
assuming certain restrictions of geometric nature, we obtain the 
ergodic decomposition of directional billiard dynamics for a dense, 
countable set of directions. This is a consequence of our results on 
the ergodicity of Z 2 -valued cocycles over irrational rotations. 
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Introduction 

Beginning with Boltzmann's ergodic hypothesis, mathematicians have 
been investigating the ergodicity of dynamical systems of physical ori- 
gin. Among them are the geodesic flows on riemannian configuration 
spaces describing mathematically the physical models at hand. If the 
configuration space has a boundary, we arrive at a billiard. 

It is notoriously difficult to study the ergodicity of these dynamical 
systems, in particular the famous Boltzmann-Sinai model. On the 
contrary, the conservativeness of a dynamical system of this kind is 
guaranteed by the Poincare recurrence theorem, provided its phase 
space has finite volume. This holds, for instance, if the configuration 
space is compact. 

The situation changes drastically if the configuration space has infi- 
nite volume. This happens, in particular, if the space is invariant under 
a free action of an infinite group, say Z d . Not only the ergodicity, but 
even the conservativeness of these dynamical systems is a challenging 
question; it is open in many relevant examples. 

Some physical models correspond to the geodesic flows on polygonal 
surfaces invariant under free actions of infinite groups [T3]. We will 
speak of periodic polygonal surfaces or G-periodic polygonal surfaces, 
where G is the group in question. For instance, the space of the classical 
wind-tree model in statistical physics [16] is a Z 2 -periodic polygonal 
surface. 

In this work we study the recurrence and ergodicity for geodesic 
flows on noncompact polygons and noncompact polygonal surfaces. For 
reader's convenience, we will briefly survey the relevant material in the 
compact case. We refer to [TBj [TT] for details. Let P be a compact 
polygonal surface, e. g., a polygon. If P is rational, the study of 
the geodesic flow on P is equivalent to the study of the geodesic flow 
on a compact translation surface, say S. That flow decomposes as a 
one-parameter family of directional translation flows, say Tjj : S — > 
S, < 9 < 2ix. The celebrated result in this subject says that for 
Lebesgue almost all directions 9 the flows T/j are (uniquely) ergodic [19] . 
This theorem has far reaching applications to the billiard in irrational 
polygons pH [23]. See [IH H2] for details. 
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Let now S be a noncompact translation surface. Let T l e : S — > S, < 
6 < 27r, be the one-parameter family of directional translation flows 
[13]. For the purposes of this discussion we assume that S is a periodic 
translation surface. The following question naturally arises: Is there 
an analog of the unique ergodicity theorem in [19] for noncompact, 
periodic translation surfaces? This question is mainly open. In fact, it 
is not known whether the flows Tg : S — >■ S are conservative for typical 
directions 9. The examples from our sections [21 [3] and [3] might be useful 
to formulate conjectures about the flows T/j : S — >■ S for noncompact 
translation surfaces. 

We will now informally describe some of our results. Let P be a 
Z-periodic polygonal surface with a boundary. Let P = P jTL be the 
compact quotient. Suppose that the billiard flow on P is ergodic. Then 
the billiard flow on P is conservative. See Theorem [lj 

With any polygon O inside the unit square we associate the Z- 
periodic strip P Q with polygonal obstacles. Then for a dense G^-set of 
obstacles, the billiard flow on Po is conservative. See Theorem [31 Let 
O be an irrational polygon. Suppose that its angles admit a superex- 
ponentially fast approximation by numbers in 7rQ. Then the geodesic 
flow on_Po is conservative. See Theorem HI 

Let P = P(a, b) be the rectangular Lorenz gas obtained by deleting 
from R 2 the Z 2 -periodic family of a x b rectangles. This corresponds 
to the wind-tree model [16] . Let p, q £ N be relatively prime; denote 
by T(a,b;p,q) the billiard flow in the direction arctan(g/p). We say 
that the obstacles are small if qa + pb < 1. Assuming the small ob- 
stacles condition, we analyze the flow T(a,b;p,q). Let T C ons(a, b; p, q) 
and Tfc ss (a,b;p,q) be the conservative and the dissipative parts of 
T(a,b;p,q) respectively. We show that T^ ss (a,b;p,q) is trivial iff 
qa + pb = 1. Assume now that a/6 is irrational. Then we obtain 
an ergodic decomposition of T C ons(o, b; p, q). The 2pq ergodic compo- 
nents are isomorphic; they have a simple geometric meaning. Thus, 
T cons (a, b;p, q) is a finite multiple of an ergodic flow. See Theorem [SJ 
Theorem [HI and Proposition [TU1 

For instance, the conservative part of the wind-tree billiard flow in 
direction 7r/4 is the flow Tcons(o, b; 1, 1); it has two ergodic compo- 
nents. Figure [1] shows a typical orbit of this flow. It encounters only 
a half of the set of rectangular obstacles. Loosely speaking, the or- 
bit skips every other obstacle. The skipped obstacles are visited by a 
typical orbit from the other ergodic component of the flow. 
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This is a special case of the general situation, as we explain in The- 
orem and Theorem O 
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FIGURE 1. An orbit for the flow T cons (a,b; 1,1). 



We will now comment on our methods. The billiard flows are suspen- 
sions of billiard maps. Exploiting the periodicity under a group G, we 
identify a billiard map of this kind with a skew product over an inter- 
val exchange with the fiber G. In our setting, we obtain skew products 
with the fibers Z and Z 2 . Thus, we reduce the questions concerning 
the ergodicity of the billiard on noncompact polygonal surfaces to the 
ergodicity of particular Z d -valued cocycles over interval exchanges. 

This work is not concerned with the subject of ergodicity for cocycles 
over general interval exchanges. We establish the ergodicity of a class of 
Z 2 - valued cocycles over irrational rotations. See Theorems [7J [U and |9] 
in section [5j Theorem [7J states that a cocycle of this kind is ergodic 
if the continued fraction decomposition of the rotation number satis- 
fies certain genericity assumptions which hold for almost all numbers. 
Theorem [S] and Theorem M strengthen Theorem [7J by removing these 
assumptions. 

We apply these results in section |4] to obtain the ergodic decomposi- 
tions of directional flows in the_wind-tree model. Let T* be one of the 
2pq geometric components of T C ons(o, b;p, q). The Poincare map for 
T* is a skew product with fibre Z 2 over a circle rotation; this rotation 
is irrational iff a/b is irrational. The corresponding Z 2 -valued cocycle 
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belongs to the class of cocycles studied in sectional Theorem [9] implies 
the ergodicity of T*. 

We will now outline the structure of our exposition. Section [1] con- 
tains the information to be used in the body of the paper. In section [TTTI 
we review the material on skew products, cocycles, recurrence and tran- 
sience. In section [L2l we establish the framework of polygonal surfaces. 
In section 11.31 we recall the basic facts about the billiard flow and the 
billiard map. 

Section [2] is about the Z-periodic case. This framework is naturally 
divided into two extreme situations: the generic case and the rational 
case. In the former situation we show the conservativeness and some 
ergodic properties for the generic Z-periodic polygonal surface; in the 
latter we establish these properties for the directional flows in almost 
all directions. 

Section [3] and section H] are devoted to the billiard on Z 2 -periodic 
polygonal surfaces. In section [3] we establish some ergodic properties 
for arbitrary Z 2 -periodic polygonal surfaces. In section 2] we consider 
a particular family of such surfaces: The rectangular Lorenz gas or 
the wind-tree model of the physics literature. Applying the results of 
section [5j we obtain the ergodic decomposition of directional billiard 
flows for a dense, countable set of directions, under restrictions of geo- 
metric nature, namely the smallness of obstacles condition. Section [5] 
is a study of ergodicity for a class of cocycles over irrational rotations. 
The results, besides being of interest on their own, are instrumental for 
the material in section HJ 

1. The setting and preliminaries 

For convenience of the reader, we recall the basic material about 
recurrence [H 0, [22] . We will consider two kinds of dynamical systems: 
transformations and flows. In the former case, we have the standard 
Borel space (X, A) endowed with a possibly infinite measure u, and a 
transformation r : (X, A) —> (X, A) preserving v. For simplicity, we 
will assume that r is invertible. The setting for flows is analogous [7]. 
We will use the notation (X, r, v) (resp. (Y, T*, /x)) for transformations 
(resp. flows). 

The dynamical system (X, r, v) is recurrent or conservative if for 
every measurable set B C X and for u-a.e. point x G B there is n = 
n(x) > such that r n x G B. Recurrence for flows (Y,T*,/x) is defined 
analogously. A dynamical system uniquely decomposes as a disjoint 
union of the conservative part and the dissipative part. For simplicity, 
we describe this decomposition only for a transformation, (X, r, u). 
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The conservative, dissipative subsets C, D C X are measurable and r- 
invariant. If v{C) > then (C,t,is) C (X,t,u) is recurrent. Suppose 
that v{D) > 0. Then there is a measurable set A C D such that 
D = U ne zT n A; moreover, t p A fl r q A = for p ^ q. 

If v(X) = oo, this decomposition is, in general, nontrivial. We will 
use the following observation. Let (Y, T*,/i) be a flow, let X C Y be a 
cross-section, and let (X, r, i/) be the induced transformation. Then the 
transformation (X, r, v) is recurrent iff the flow (Y, T*, /x) is recurrent. 

The geometric spaces that we work with in the body of the paper 
are different iable manifolds, possibly with boundary and corners. The 
transformations and flows are piecewise differentiable. 

1.1. Ergodic theory for skew products. 

We will represent our dynamical systems as skew products over dynam- 
ical systems with finite invariant measures. Their fibers will be infinite 
abelian groups. 

In this section we recall the relevant material on G-valued cocycles, 
where G is an infinite abelian group; we will write the group operation 
additively. We restrict the discussion mostly to the groups G = M. m x 
Z n . We denote by Lebc a Haar measure on G, suppressing the subscript 
if the group is clear from the context. 

Definition 1. Let (X, r, v) be a dynamical system, and let ip : X — >■ G 

be a measurable function. It determines a cocycle ip(n,x), also denoted 
by (p n (x) or simply (<p n ), as follows. We set cp(0,x) = 0. For n ^ we 
set 

n-l -1 

(1) <p n (x) = ^2<^(r J x),if n > 0; ip n {x) = - ^ y?(r J x), if n < 0. 

3=0 j=n 

Thus, ip(n,x) are the ergodic (or Birkhoff) sums of ip with respect 
to the transformation (X, r, v). The cocycle (ip n ) can be viewed as the 
random walk on the group G driven by the dynamical system (X, r, v). 
Set 

(2) f(x,g) = (TX,g + ip(x)). 

Then f, or t v to emphasize the dependence on tp, is a transformation of 
X = X x G preserving the product measure v = v x Leb. The dynam- 
ical system (X,f, v) (or (X,r v ,i>)) is the skew product over (X, r, v) 
with the displacement function p. Equation ([T]) corresponds to the 
iterates of f . Namely, for n £ Z we have 



(3) 



f n (x,g) = (r n (x),g + p n (x)). 
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Definition 2. Let (X,r,u) be a dynamical system with v(X) < oo. 
Let ip : X — y G be a measurable function. The cocycle (<£>„) is transient 
at x G X if (f n (x) — > oo; otherwise, the cocycle is recurrent at The 
cocycle is recurrent (resp. transient) if it is recurrent (resp. transient) 
at a.e. x G X. 

We point out a subtlety in Definition [2j Let a n , (3 n be Z- valued 
cocycles over (X, r, v). Their direct sum ip n = (a n , (3 n ) is a Z 2 - valued 
cocycle. The recurrence of a n , (5 n does not necessarily imply that <p n is 
recurrent. See, e. g., [I] for an example. 

The sets of transient and recurrent points for a cocycle are measur- 
able and invariant. Hence, any cocycle ip n over an ergodic (X, r, v) is 
either recurrent or transient. Let (X, r, v) be arbitrary, let ((f n ) be a 
cocycle, and let R C X be the set of recurrent points for ip n . Suppose 
that v{R) > 0, and let vr be the restriction of v to R; set vr = vr x Leb, 
R = R x G. Then the skew product (R, f, ur) is a conservative dy- 
namical system [22]. Assume, moreover, that X is a separable metric 
space and that r : X — )• X is compatible with the topological struc- 
ture E Then for G i? there is an infinite sequence nk = rik(x) 
such that r nk x — > a; and ip(nk, x) — > [22]. Therefore, for almost every 
point in i? the sequence (Vfc(^))fe>o visits arbitrarily close to G G. If 
G = Z d , then we have (fk{x) = infinitely many times. Suppose now 
that (X, f, v) comes from a billiard model. Then R is the conservative 
part of the billiard phase space. The billiard ball emanating from a 
point in R almost surely returns infinitely often to the obstacle from 
which it started, and arbitrarily close to the point of departure. 

We refer the reader to [22] for criteria of recurrence for cocycles. See 
also [20], [2]. The following lemma from [1] gives a simple sufficient 
condition for recurrence of M d -valued cocycles. 

Lemma 1. Let (X, r, v) be a dynamical system with a finite measure, 
let Lp : X — >■ ~R d be a measurable function, and let ip(n,x) be the corre- 
sponding cocycle. 

Let | | be a norm on IR d . Suppose that there exists a strictly increas- 
ing sequence of integers k n and a sequence of nonnegative functions 
5 n (x) converging to for almost every x such that 

(4) \imu({x : \<p(k n ,x)\ > 5 n (x)n^}) = 0. 

n 

Then the cocycle is recurrent. 



We will also say that a; is a transient (resp. recurrent) point for the cocycle. 
These assumptions will be satisfied in our applications. 
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Let (X, t, v) be a dynamical system, and let p : X — > G be a measur- 
able function. Recall that tp is a coboundary if there exists a measurable 
function ^ : X — >■ G such that p = ip—rip. Let (X, f, v) be the dynam- 
ical system defined by equation ([2]). Let H C G be a closed subgroup; 
set X# = X x G/H,i) H = v x Lebc/#. Define f# : X# — >■ X H by 
f#(x, g + H) = (tx, (<p(x) + g) + H). Then (X//, f#, vh) is the skew- 
product over (X, r, z/) with the fibre G/H and the displacement func- 
tion Ph(%) = vO^) + H. 

Lemma 2. // i/iere is a closed, proper subgroup H C G such that the 
dynamical system (X H , fn, vh) is ergodic, then cp is not a coboundary. 

Proof. Assume the opposite, and let ip = ip — rip where ip : X — > G 
is a measurable function. Set fy(x, g) = (x,tp(x) + g). Then \I/ : 
XxG— j-XxGisan automorphism of the measure space (X x G, u); 
it conjugates f and the product transformation r x Id. Dividing by H, 
we obtain the automorphism :XxG/H^-XxG/H conjugating 
fn and r x ldc/H- This contradicts the ergodicity of fu- ■ 

We introduce a terminology to express the property that a walk in 
G visits any compact set with zero asymptotic frequency. 

Definition 3. Let (X, r, v) be a dynamical system with finite invariant 
measure, let G C lR d or Z d be a closed subgroup, and let tp : X — >■ G be 
a measurable function. The associated cocycle (p n ) is zero-recurrent if 
it is recurrent, and for a.e. point x € X and any compact set K C G 
we have 

(5) lim \-J2l K (ip(k,x))\ = 0. 

Proposition 1. Let (X, r, z/) 6e a dynamical system with finite in- 
variant measure, let p : X — > M fre an integrable function, let (p n ) 
be the associated cocycle, and let (X, f, z>) fre £/ie corresponding skew 
product. Denote by J the a-algebra of measurable r-invariant subsets. 
Let E(<^|j7") be the conditional expectation of p with respect to J . Let 
R C X be the set of recurrent points for the cocycle (p n ) . 
Then the following properties hold. 

1. The set R and the set {x : K(p\J~)(x) = 0} coincide up to a set 
of v-measure zero. 

2. // the dynamical system (X, r, v) is ergodic and j x p dv = 0, 
then the cocycle (p n ) is recurrent. 

3. If, moreover, p is not a coboundary, then the cocycle (p n ) is 
zero-recurrent. 
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Proof. Let A, B C X be measurable sets. By A = B we will mean that 
A and 5 are equal in the measure-theoretic senseJl We will also say, 
simply, that A and B coincide. 

The first two claims are classical. For u-a.e. x the conditional ex- 
pectation E(</?| l 7")(x) is defined, and, by the Birkhoff ergodic theorem, 
-(p(n,x) — > E(<y9|j7")(x). Hence, the r-invariant sets {x : ^ip(n,x) — > 0} 
and {x : E(<^| J){x) = 0} coincide. We denote this r-invariant set 
by X . By Lemma [I], the cocycle (ip n ) is recurrent on X . By the 
Birkhoff ergodic theorem, almost every x G X \ Xq is transient for 
((fin)] moreover, on X \ Xq, the cocycle has linear dissipation. Thus, 
R = X = {x : E(<^|i7) (x) = 0}, proving claim 1. Claim 2 directly 
follows from claim 1. We will now prove claim 3. 

Set 1 = 1x1 and let (X, f, v) be the skew product equation ([2]). 
Let K C M be any compact. Set 

n— 1 

5-) = lim - V ljr(¥>(A;, x)+g). 

n— >oo Tl 

k=0 

The ergodic theorem applied to (X, f, v) ensures the existence of 
the limit for a.e. (x, g) and that uk is an integrable, nonnegative, f- 
invariant function on X . Suppose that uk ^ on a set of positive 
measure. Then ukv is a finite f-invariant measure on X, absolutely 
continuous with respect to v. Since (X, r, v) is ergodic, this implies 
that tp is a coboundary [5] , contrary to the assumption. Thus, for any 
compact K C R we have lim ^ l^-(v?(/c, x) + = for z>-a.e. 

(x, g) G X. Since f is a countable union of compacta, there exists 
Y C X, v[X \Y) =0, such that for (x,g) G Y and any compact 
K C M we have uk{x, g) = 0. 

By Fubini's theorem, there exists go G M such that, for v a.e. a; G X 
we have lim i J^Zo ^-K{<p{k, x) + go) = for any compact ifci But 
g H- g + g is a self-homeomorphism of M.. ■ 

Remark 1. The same argument proves claim 3 for M. d - valued cocycles. 
See [5] for a generalization to cocycles with values in locally compact 
groups. 

Proposition [1] and Lemma [2] imply the following. 

Corollary 1. Let (X, r, v) be a dynamical system with finite measure. 
Let <p : X — >• K &e a measurable function such that § x tpdv = 0, and let 



'I. e., their symmetric difference is of i/- measure 0. 



10 



JEAN-PIERRE CONZE AND EUGENE GUTKIN 



((p n ) be the associated cocycle. Let (X, f , z>) be the skew product corre- 
sponding to if>. For p G R let (X p ,f p ,u p ) be the reduction of (X,f,u) 
with respect to the subgroup H = pZ, as in Lemma [H 

Suppose that for some p ^ the dynamical system (X p , f p , u p ) is 
ergodic. Then the cocycle (tp n ) is zero-recurrent. 

We will use the following proposition. 

Proposition 2. Let (X, r, v) be an ergodic dynamical system with a 
finite measure, let tp : X — >■ M. d be a measurable function, and let tp(n, x) 
be the corresponding cocycle. Then the following dichotomy holds: i) 
The cocycle (<p n ) is recurrent; ii) Let k n G N be any strictly increasing 
sequence. Then there exists c > C@ such that for a.e. x G X we have 

(6) lim sup (n -1 / d | </)(/;;„, x)\) = c. 

n 

Proof. The quantity limsup n (n~d \(p(k n , x)\) is an invariant, measurable 
function. By ergodicity, it is equal to a constant c > 0. The claim is 
now immediate from Lemma [TJ ■ 

1.2. Noncompact, periodic polygonal surfaces. 
We will now establish the geometric framework for our study. Let 
G be an infinitely countable group acting freely and cocompactly by 
isometries on a noncompact riemannian manifold PE Then P = P/G 
is compact; the projection p : P — > P is a riemannian covering. Let 
UP, UP be the unit tangent bundles for P,P; let T',T* be the re- 
spective geodesic flows; let jl, n be the Liouville measures for UP, UP 
respectively. The action of G on P uniquely extends to a free, cocom- 
pact action on UP. We have UP = UP/G; let q : UP ->• UP be the 
projection. Then q : (UP, T l , jl) — > (UP, T 1 , [i) is a covering of flows. 

Let X C UP be a compact submanifold which is a cross-section for 
(UP,T l , fi). Then the manifold X = p~ x (X) C UP is a cross-section 
for the flow (UP,T t ,jl). Let v, v be the induced measures on X, X 
respectively; let r : X — > X, f : X — > X be the respective Poincare 
maps. Then X = X x G measure theoretically, and v = v x Leb. There 
is a unique mapping ip : X — > G such that (X, f, v) is the skew product 
over (X,t,u) with the displacement function <p. See equation (j2J). 

Let the manifold P be a noncompact polygonal surface. See [TUl [13] 
for the background. We will say that P is a G-periodic polygonal 
surface. When the group G is implicit, we will say that P is a periodic 
polygonal surface. When G = TL or G = 1? , we will say that P is 



In general, it depends on the sequence. 
In general, with boundary and corners. 
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Z-periodic or Z 2 -periodic respectively. The projection p : P — > P is a 
covering of polygonal surfaces [13] . 

If P (or, equivalently, P) is a rational polygonal surface, we associate 
with it a finite subgroup r = T(P) C 0(2). For JV > 1 let R N C 
0(2) be the dihedral group of order 2N, i. e., the group generated by 
two orthogonal reflections, with the angle ir/N between their axes. If 
dP 0, then T(P) = R^, where N is determined by P. Note that 
Ri consists of a reflection and the identity. The associated translation 
surface S = S(P) [H] is a compact riemann surface endowed with a 
riemannian metric, flat everywhere except for a finite number of cone 
points. The group r(P) acts on S(P) by isometries, and we have 
P = S(P)/T(P) [10J. Thus, a polygonal surface is a translation surface 
iff r(P) = Id. Let T = r(P) and let S = S(P). Then there is a unique 
noncompact, G-periodic translation surface S such that the following 
conditions hold. The groups T and G act on S by isometries; the two 
actions commute. We have S/G = S, S/T = P, S/T = P, P/G = P; 
the projections S^S,P^-P,S^-P,S^}-P are compatible. 

The group T acts on the unit circle U C M 2 ; let U /T be the quotient. 
The flows (f/P,T*,/2) and (UP, T f , ^) decompose as one-parameter 
families of directional geodesic flows (UPq,Tq, jig) and (UPo,Tg, (j,q) 
where 9 G U /V. The projection q is compatible with the decom- 
positions, inducing the directional projections qg : (UPg,Tg, jig) — > 
(UPg,Tg, fig). The flow (UPg,Tg, fig) is naturally isomorphic to the 
linear flow in direction 9 on the translation surface S; the measure fig 
corresponds to the Lebesgue measure on S. Analogously, (UPg,Tg, jig) 
is the linear flow in direction 9 on the periodic translation surface S 

Example 1. Let B C M 2 be the horizontal strip bounded by the lines 
{y = 0} and {y = 1}. For < a, b < 1, a + b > let R = R (a, b) 
be the (a x 6)-rectangle centered at (1/2,1/2). Set P(a,b) — B\ 
Ufc G z(Po + (k,0)). The Z-periodic polygonal surface P(a,b) is a strip 
with a periodic sequence of rectangular obstacles. See figure [2J Let 
Q be the unit square < x, y < 1; let C be the cylinder obtained by 
identifying the vertical sides of Q. Then P(a, b) = C \ Ro(a, b) is the 
unit cylinder with a rectangular obstacle. In the limit cases a = or 
b = the obstacles degenerate into barriers. We have r = R2 if b ^ 
and r = Pi if b = 0. 

Set P = P(a,b) and S 1 = S(a,b). Let a,6 ^ 0. The translation 
surface 5 is constructed from 4 copies of Q \ Ro(a, b) via identifications 
of their sides shown in figure[3l It has 4 cone points with cone angles 67r. 
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Figure 2. An infinite band with a periodic configuration 
of rectangular obstacles. 

This yields g(S) = 5 [13] . The genus of S can also be computed directly 
from the angles in P [TU]. The same analysis applies when a = or 
6 = 0. If a = 0, the surface S is made from 4 rectangles with vertical 
barriers. It has 4 cone points with cone angles 4tt, yielding g(S) = 3. 
If b = 0, then S is made from 2 rectangles with horizontal barriers. 
There are 2 cone points with cone angles 4n, yielding g(S) = 2. 

Set P = P(a,b) and S = S(a,b). The noncompact translation sur- 
face S is obtained by analogous identifications of pairs of sides in the 
disjoint union of 4 copies of P. Since P is Z-periodic, and since these 
identifications are compatible with the action of Z, the translation sur- 
face S is Z-periodic. It has infinite genus. 

1.3. The billiard flow and the billiard map. 

Let P be a compact polygonal surface, and let dP be its boundary. 
Orbits of the geodesic flow (UP, T 1 , (j,), viewed as curves in P, are the 
geodesies. We will use the term billiard curves for those geodesies that 
intersect dP at regular points. 

Virtually every polygonal surface has singular points. Points z G 
interior (P) (resp. z G d(P)) are singular if they are cone points (resp. 
corner points). A geodesic in P may start or end at a singular point, 
but it cannot pass through a singular point. A phase point v G UP is 
singular if the geodesic it defines arrives at a singular point, and hence 
is defined on a proper subinterval of (—00, 00). Therefore the geodesic 
flow T l , —00 < t < 00, is defined only on the set of regular (i. e., 
non-singular) points in UP. We will use the terms regular and singular 
sets for the sets of regular and singular points, respectively. 

The singular set has codimension one; thus, the Liouville measure of 
the singular set is zero, and the regular set has full measure. As is usual 
in the billiard literature [TUl [T3], we will use the notation (UP, T l , \i) for 
the geodesic flow on the regular set. Analogous notational conventions 
are used for the billiard map, which we will now define. The reader 
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Figure 3. The translation surface made from 4 copies 
of Q\ R {a,b) by identifying the sides bearing the same 
labels. 



should mentally substitute "regular phase points" whenever we speak 
of phase points in what follows. The billiard map will be defined on 
the regular set which has full measure in the canonical cross-section 
that we will now describe. 

Let A C P. We denote by U A P C UP the set of vectors v G UP 
whose base points belong to A. Let BUP C UP be the smallest T t - 
invariant set containing UqpP. If dP ^ 0, we set fip = ^\bup- By 
definition, UqpP is a cross-section for the flow {BUP, T l , jip). Let v be 
the induced measure on UqpP. We will use the following terminology: 
The flow {BUP, T\ /x B ) is the billiard flow of P; the set U dP P C BUP 
is the standard cross-section for the billiard flow; the induced transfor- 
mation {UqpP, t, v) is the billiard map for P. 

Let now P be a rational polygonal surface with a boundary, and 
let T(P) = R N . We identify U/T and [0,n/N]. For 9 E [0,tt/7V] set 
UqpPq = UP e nU 9P P, BUP = BUPnUPg. Suppose that fi e {BUP e ) > 
0. Let bfie be the restriction of \i$ to BUPg; then {BUPg,Tg,bfig) is 
the billiard flow in direction 9. The set UqpPq C BUPg is the standard 
directional cross-section. Let u$ be the induced measure on UqpPq. 
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The induced dynamical system (UqpPb, tq, vq) is the directional billiard 
map [13]. When P C M 2 is a compact polygon, this is the standard 
terminology [T2] . 

Let 5" be a compact translation surface. Let O C S be a polygon, 
not necessarily connected, such that S \ O is connected. The polygo- 
nal surface P = S \ interior(O) is a translation surface with polygonal 
obstacles. Some of the components of O may be linear segments, hence 
we will also speak of translation surface with polygonal obstacles and/or 
barriers. 

Lemma 3. 1. Let P be a compact translation surface with polygonal 
obstacles and/or barriers. Then fi(UP \ BUP) = 0. 2. Let P be 
a compact, rational polygonal surface with a boundary; let Rn be the 
corresponding reflection group. Let £ erg (P) C [0,ir/N] be the set of 
uniquely ergodic directions, i) If OP contains intervals with distinct di- 
rections, then for every 6 G £ erg (P) we have BUPg = UPg. ii) Suppose 
that dP consists of intervals with the same direction, say 6$. Then for 
9 G £ erg (P) \ {9 } we have BUP e = UP e . 

Proof. 1. Let P = S\0. Let 7 be an infinite geodesic in P that does 
not intersect O. Then 7 is an infinite geodesic in S, and 7 PI O = 0. 
If interior(O) 7^ 0, then 7 is not dense, and hence its direction is not 
minimal. Suppose interior (O) = 0, i. e., O consists of barriers. Assume 
that O contains segments of distinct directions. A geometric argument 
which we leave to the reader implies that 7 is not dense in S, and hence 
its direction is not minimal. Let O consist of segments with direction 
8o- Then the direction of 7 is either nonminimal or it is 8q. But the 
set of nonminimal directions is countable, implying the claim. 

2. There is a compact translation surface with obstacles and/or 
barriers, say S \ 0, and a finite covering p : (S \ O) — > P. Let (3 C P 
be an infinite geodesic in direction 6, and let a C S be its pull back 
by p. The preceding argument shows that in the case i) (resp. case ii)) 
the direction of a belongs to U \ £ evg (resp. U \ (£ crg U {0 })). m 

Let P be a noncompact, G-periodic polygonal surface, and let P = 
P/G be the compact quotient. Suppose that dP ^ 0. By Lemma [31 
UdpP and U d pP are the cross-sections for the billiard flows of P and P 
respectively. Let (UqpP, r, v) and (U d pP, f, v) be the respective billiard 
maps. Then (U d pP, f, v) is a skew product over (UgpP, r, v) with the 
fibre G and a displacement function ip : UqpP — > G. See equation (J2]). 
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Lemma 4. The displacement function is centered: 
(7) / (pdv = 0. 



UgpP 



Proof. For v G UgpP let j v = {j v (t) '■ < t < t(v)} be the segment 
of the geodesic ray {7^)} determined by v ending when {7„} first 
returns to dP. Note that t(v) is the first return time function for the 
billiard map. The tangent vector ^' v {t) is defined for < t < t(v) and 
the left limit lim t _ tt u_7[(f) exists. Set a{y) = —\im t ^ v )_'j' v (t). The 
transformation a : UgpP — > UgpP is the canonical involution for the 
billiard map (UgpP^,^) [T2] . 

The canonical involution a for the billiard map (U d pP, f , 9) is defined 
the same way. Let v = (v, g) G U d pP. Then 



The identity 

0, 9) = °~ 2 (v, g) = a(a(v),g + (p(v)) = (a 2 (v),g + tp(y) + <p{o-{v))) 
yields 



Let now P be a rational polygonal surface. Let T(P) = R^; we 
identify C//r(P) and [0,tt/N]. For G [0,7r/N] let (U dP P e ,r e , /2 ) and 
(UgpPe, fg, jig) be the directional billiard maps for P and P respectively. 
Then (U d pPg, fg, fig) is the skew product over {UgpPg,Tg, fig) with the 
displacement function (p g = ip\ UgpPg . By equation ([5]) 

(9) f<j(v, g) = (r e (v),g + <pe (*>))• 

Lemma 5. Let N be even. Then for every 9 G [0,tt/N] the directional 
displacement function (fg is centered: 



If N is odd, then the function (f w /(2N) is centered. 

Proof. The canonical involution a : UgpP — >■ UgpP induces directional 
involutions o~g : UgpPg — > UgpP^g). The central symmetry of U and 
the identification U/Rn = [0, tt/N] induce the transformation 9 1— > r)(9) 
of [0,7r/N]. The proof of Lemma H] yields 



a(v) = a(v, g) = (a(v),g + <p(v)). 




(10) 




(11) 
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If N is even, then Rn contains the central symmetry, hence rj(9) = 9. 
If N is odd, then rj(9) = n/N — 9. Both claims now follow from 
equation (fTTj) . ■ 

2. Z-PERIODIC POLYGONAL SURFACES 

We will use the setting and the notation of section [TJ with G — Z. 
Let P be a Z-periodic polygonal surface, and let P — P/Z. If P is a 
rational polygonal surface, we will denote by S and S the translation 
surfaces of P and P respectively Then S is Z-periodic, and S = S/Z. 

2.1. Main result. 

A compact translation surface S 1 is arithmetic jH] if it admits a trans- 
lation covering n : S — > T 2 onto a flat torus whose branch locus is 
a single point. Via an affine renormalization, we can assume that S 
covers the standard torus T 2 , = M 2 /Z 2 and that the branch locus is 
{0} + Z 2 . These translation surfaces are also known as square-tiled and 
as origamis. 

The surface P is arithmetic iff P = P/Z is arithmetic [13]. Let 
P be a compact, arithmetic polygonal surface; let n : S — > T 2 , be as 
above. Let T = T(P). A direction 9 G U is rational if tan 6* £ Q. 
Using the covering 7r : S 1 — >■ T 2 and the natural action of GL(2,M) on 
translation surfaces [H] , we extend the notion of rational directions to 
all arithmetic translation surfaces, and hence to arithmetic polygonal 
surfaces 3 

Let ({7/r) rat C U/T be the set of P-rational directions. Then 9 £ 
(t//r) rat iff every geodesic in P in direction 9 is periodic or a saddle 
connection [TU]. The set (U/T) Tat is countable. We set (U/T) iTT = 
U/F\(U /r) mt ; we say that 9 £ ([/ /r) irr are the irrational directions. 

Theorem 1. Let P be a Z-periodic polygonal surface with a boundary, 
and let P = P/Z. 

1. If the flow (UP,T t , /jl) is ergodic, then the geodesic flow for P is 
recurrent. 

2. Let P be a rational polygonal surface, and let V = T(P). Suppose 
that |T| is divisible by 4. Then for a full measure set of directions 
9 £ U/T the directional geodesic flow (UPg,Tjj,\g) is zero-recurrent. 
( See definition [3 ) 

3. Let P be an arithmetic polygonal surface, i) For an irrational direc- 
tion 9 the flow (UPg,Tg, Xg) is zero-recurrent, ii) Let 9 be a rational 
direction. Then the set of orbits of Tg is a disjoint union of periodic 



6 We will say P-rational to emphasize that the set of rational directions depends 
on the surface in question. 
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bands and bands of orbits that are dissipative with a positive rate. The 
boundaries of these bands are concatenations of saddle connections. 

Proof. 1. The claim follows from LemmaH]and claim 2 in Proposition [TJ 

2. Let 9 G S erg (P), the set of uniquely ergodic directions. By Lemma El 
Lemma El and Proposition CEJ the flow (UPg,Tg,\g) is conservative. 
Since the set £ erg (P) C S 1 has full lebesgue measure [19], we obtain 
that (UPq,Tq, Xg) is conservative for a.e. 9. 

For fceN set P k = P/kZ. Let I, k G N and let i divide k. Then there 
is a covering p k/ : P k ->■ Pi, implying S erg (P k ) C S crg (P e ). In particular, 
^erg(-ffc) ^ ^crg(-P) f° r an y fc > 1. By Lemma [2] and Proposition [JJ, if 
G £ e rg(-Pfc), and fc > 1, then the flow (UPg,Tjj, Xg) is zero- recurrent. 
Thus, (UPo,Tq, Xg) is zero-recurrent for G Ufc>i£ erg (Pfc), a full mea- 
sure subset of £ crg (P). 

3. In this case all surfaces P k are arithmetic and £ e rg(Pfc) — £erg(P) — 
(C7 /r)i rr [10]. We can assume without loss of generality that £ erg (P) = 
[0, n/N] \ Q. The preceding argument yields claim i). 

Let now 9 G [0, 7r/iV] PI Q. By [10], the flow (UP,T$,n) decomposes 
into periodic bands whose boundaries are made from saddle connec- 
tions. Depending on whether ergodic sums of the displacement function 
along a periodic orbit vanish or not, the preimage of a periodic band 
in UP is a union of periodic and transient bands. Claim ii) follows. ■ 

Corollary 2. Let P be a TL-periodic, rational polygonal surface with 
a boundary. If |T(P)| is divisible by A, then the flow (UP,T f , p) is 
zero-recurrent. 

Proof. Follows from the decomposition of (UP, T*, fit) into the direc- 
tional flows [UPg, Tg, Xg), a Fubini-type argument, and claim 2 in The- 
orem [TJ ■ 

2.2. Examples and applications. 

We will now illustrate the preceding material with a few examples. 

Example 2. Let < h < 1 and < a, b < 1 be such that < 
h ± | < 1 and a + b > 0. Let R(a, b; h) C M 2 be the closed a x b 
rectangle centered at (\,h), whose sides are parallel to the coordinate 
axes. Then R(a, b; h) belongs to the interior of the unit square Q = 
{(x, y) : < x, y < 1}. Let P(a, b; h) be the polygonal surface obtained 
by deleting from Q the interior of R(a,b; h), and identifying the sides 
{x = 0}, {x = 1}. If < a, b, then P(a,b; h) is the flat unit cylinder 
with a rectangular obstacle. The obstacle is the a x b rectangle centered 
in the cylinder at the height h. See figure HI If b = (resp. a = 0) then 
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the rectangular obstacle degenerates into a horizontal (resp. vertical) 
barrier. 

For k £ Z let R k (a,b;h) = R(a,b;h) + (Jfc,0); let B = {(x,y) : 
— oo < x < oo,0 < y < 1}. Set P(a,b;h) = B \ Uk<zzRk(a,b;h). 
Then P(a, b; h) is a Z-periodic polygonal surface, and P(a, b; h) = 
P(a, b; h)/Z. When h — \, we recover Example [TJ 

Let T = r(P(a,b;h)). If b ^ 0, then |r| = 4; when 6 = 0, then 
|T| = 2. Thus, for 67^0 the surface P(a, b; h) satisfies the assumptions 
of claim 2 in Theorem [TJ The surface P(a, b; h) is arithmetic iff a, b G Q 
[H]. Theorem [TJ and Corollary [2] imply the following statement. 




FIGURE 4. F/at cylinder with a rectangular obstacle. 



Corollary 3. Let (UP(a, b; h) , T* , /i) 6e the geodesic flow for P(a,b; h) ; 
let (UP(a,b; h)g,Tg,flg) be the directional flows. We will refer to them 
as T l and T l e . Let b ^ 0. Then the following claims hold. 

1. The flow T* is zero-recurrent. 

2. For a.e. 9 £ [0,7r/2] the flow Tg is zero-recurrent. 

3. Let a,b,h £ Q. Then, for every 9 £ [0,7r/2] such that tan# ^ Q, 
the flow Tq is zero-recurrent. 
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Remark 2. If b = 0, then P(a, 0; h) is the horizontal band with a 
periodic configuration of horizontal barriers of length a. Thus N = 1 
and U/T = [0, ir]. See Example 15 in [13]. For 9 ^ tt/2 the flows Tq are 
transient: Every orbit of Tjj drifts horizontally with the rate sin#. The 
flow X^y 2 is periodic. This example fits into the framework of Lemma [5j 

Let Q C M 2 be a polygon satisfying for an integer £ > 1 the following 
conditions, i) There is a nonzero vector v G M 2 , and for 1 < i < t there 
are sides Sj, of Q such that = Sj + ?7. ii) We have Q H (Q + v) = 
Ui<;<tS-. We denote by P = P(Q) the Z-periodic polygon obtained by 
deleting from Ukez(Q + kv) the sides of the form Si + kv : 1 < i < t, k G 
Z. We say that P is the stairway based on Q or, simply, a stairway. 
The compact, polygonal surface P = P/Z is obtained by identifying 
the sides s, and s- of Q for 1 < z < t. Since Ui<i<((sj U s-) C 
is a proper subset, dP ^ 0. Let Y C 0(2) be the group generated by 
reflections about the sides of Q other than Sj, s- : 1 < z < £. If |T| < oo, 
then P is a rational stairway. The following is immediate from claims 
2 and 3 in Theorem [U 

Theorem 2. Lei P C IR 2 be a rational stairway, and let V = R^. If 

N is even, then the following claims hold. 

1. For a full measure set of directions the flow (UPe,Tg,fle) is zero- 
recurrent. 

2. Suppose, in addition, that the surface P is arithmetic. Then for 
every irrational direction the flow (UPg,Tg, jig) is zero-recurrent. 

Example 3. Let a, b > 0. Let Q = Q(a, b) be the 2a xb rectangle. We 
view dQ as a union of 6 sides: 2 vertical sides of length b and 4 hori- 
zontal sides of length a. Let s, s' be the lower left and the upper right 
horizontal sides respectively. Then P(a, b) based on Q is the infinite 
stairway, with the stairs of length a and height 6. Its quotient P(a, 6) 
is the rectangle Q with two sides of length a identified. See figure [5j 
The corresponding group is Ri- By [101 [T3], P(a, 6) is arithmetic iff 
a,b G Q. 

Corollary 4. Let P(a,b) be the stairway in Example^ Then for a.e. 
9 G [0,7r/2] the flow Tq is zero -recurrent. If a,b G Q, then Tq is zero- 
recurrent if tan 9 ^ Q. 

The claims of Corollary |4] are immediate, by Theorem [2j See [17] 
for another proof of recurrence of T/j and [18] for a study of ergodic 
invariant measures. 
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P(a,b) 



a 

P(a,b) 



Figure 5. A stairway polygonal surface and its quotient. 

2.3. Generalizations and further applications. 

Let Rq be the unit square; let O C Rq be a polygon such that Rq \ O is 
connected. Then P Q = Ukez{(Ro \ interior(O)) + (k,0)} is a periodic 
band with obstacles and/or barriers. We will study the recurrence for 
the billiard in Pq. 

Let R(a, b; h; a) be the rectangle in Example [2] rotated by a about its 
center point. We assume that a, b, h are such that R(a, b; h; a) belongs 
to the interior of the unit square for all a. Set P(a) = pR( a ,b>,h;a)- 

Recall that a subset in a topological space is residual if it contains a 
dense G$ set. 

Proposition 3. The set of a E S 1 such that the flow (UP(a) ) T t 
is recurrent is residual. 

Proof. Set P(at) = P{a)/'L. By [19], the billiard flow for P(a) is ergodic 
for a dense Gs set of angles a. The statement now follows from claim 
1 in Theorem [TJ ■ 

The set of planar polygons has a natural topology [12]. In this topol- 
ogy, polygons with a fixed number of sides form closed subsets in eu- 
clidean spaces. Imposing upper bounds on the sizes of polygons, we 
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obtain (relatively) compact subsets in euclidean spaces. In what fol- 
lows, whenever we invoke topological notions for spaces of polygons, 
we mean the natural topology 

Proposition 4. Let T be the space of triangles in the interior of the 
unit square. For O G T let Pq be the corresponding periodic band 
with triangular obstacles. Then the set of triangles such that the flow 
[UPoiT 1 is recurrent is residual. 

Proof. The space T is a relatively compact subset in M 6 . For O G T 
the quotient Po = Po/% is the standard cylinder with a triangular 
obstacle. By [19], T contains a dense G$ set of triangles such that the 
geodesic flow on Po is ergodic. Now we apply claim 1 in Theorem [TJ ■ 

Let C be a closed set of polygons inside the unit square. For O G C let 
Po be the corresponding periodic band with obstacles. Propositions [3] 
and H] are special cases of the following. 

Theorem 3. The set of O G C such that the geodesic flow on Po is 
recurrent is residual. 

The proof of Theorem[3]is analogous to the proofs of Propositions [3] QJ 
It invokes the result in [19] that the ergodicity is topologically typical. 
It is not known if ergodicity is typical measure theoretically [12] . 

Y. Vorobets found a sufficient condition for the ergodicity of a (com- 
pact) polygon [23]. The condition invokes the speed of approximation 
of 7r-irrational angles of P by rationals. Referring the reader to [23] for 
a precise formulation, we will say that the angles admit the Vorobets 
approximation. 

Theorem 4. Let O be a polygon inside the unit square. Suppose that 
all irrational angles of O and those between O and the horizontal axis 
admit the Vorobets approximation. Suppose, moreover, that not all of 
these angles are n-rational. Let P Q be the corresponding periodic band. 
Then the geodesic flow on Po is zero-recurrent. 

Proof. For k G N set P^ = Po/kX. Since all irrational angles of P^ 
admit the Vorobets approximation, the billiard flow on P^ is ergodic. 
If I divides k, we have the covering p^ \ : P^ — > Pi. It remains to invoke 
the proof of claim 2 in Theorem [TJ ■ 

We will now define a property of cocycles that has a simple geometric 
meaning. Let (X, r, v) be a dynamical system with a finite invariant 
measure. Let <p : X — > M be a measurable function, and let (<p n ) be 
the corresponding co cycle. 
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Definition 4. The cocycle (<p n ) has (the property of) unbounded oscil- 
lations if for a. e. x G X we have 

(12) sup <p(n, x) = +oo, inf <p(n, x) — — oo. 

Let (X,t v , f) be the skew product over (X, r, v) with the displace- 
ment function ip. If the cocycle ((f n ) has unbounded oscillations, then 
it is recurrent. Suppose that (X, r^, f) is the Poincare map of a skew 
product flow. Then a. e. orbit of the flow has unbounded oscilla- 
tions in the obvious sense. See [3] for examples of physical systems 
corresponding to the billiard with unbounded oscillations in periodic 
polygons. 

Proposition 5. Let (X, r, v) be an ergodic dynamical system with finite 
invariant measure. Let tp : X — >■ K be a measurable function satisfying 
f x <p dv = 0; let {ip n ) be the corresponding cocycle. If ip is not a 
coboundary, then (ip n ) has unbounded oscillations. 

Proof. Suppose that the property sup n <p(n, x) = +oo for a. e. x G X 
is not satisfied. Then, by ergodicity, sup n ip(n,x) < oo for G X. 

Set 

(13) h(x) = sup <p(k,x), g(x) = sup <p(k,x) — h(x). 

k>l k>2 

Since rip(k, x) = <p(k + 1, x) — <p(x), we have 

(14) <p(%) = sup ip(k, x) — t sup <p(k, x) = h(x) — h{rx) + g{x). 

k>2 k>l 

Iterating equation ( fT4|) . we obtain <p(n, x) = h(x)—h(r n x)+J2o~ 1 9( T '' x )- 

By claim 2 in Proposition [TJ the cocycle (<p n ) is recurrent. Therefore, 
for a.e. x there is an infinite sequence nk = nk(x) such that ip(nk,x) 
and h{r nk x) are bounded. Since, by equation (fl3]) . g(x) < 0, the above 
formula implies that the series YlJLo 9{ T '' X ) converges for a.e. x. By the 
recurrence of the cocycle, it implies g = a.e. Hence, by equation (fTi]) . 
ip is a coboundary, contrary to our assumption. Assuming that the 
condition inf n y? n (x) = — oo for G X is not satisfied, we derive 

that (f is a coboundary in a similar fashion. ■ 

Combining Proposition [1] and Proposition [5] with the statements on 
ergodicity in [19] and [23], we strengthen the preceding results. Below 
we formulate the strengthened versions of Theorem [3] and Theorem |H 
We leave the analogous strengthenings of Proposition |3] and Proposi- 
tion H] to the reader. 
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Corollary 5. Let C be a closed set of polygons inside the unit square. 
For O G C let Pq be the corresponding periodic band with obstacles. 

The set of O 6C such that the geodesic flow on Po is zero-recurrent 
and has unbounded oscillations, is residual. 

Corollary 6. Let O be a polygon inside the unit square; let Pq be the 
corresponding periodic band. 

Suppose that each n -irrational angle of O and each it -irrational angle 
between O and the horizontal axis admits the Vorobets approximation. 
Suppose, moreover, that not all of these angles are 71 -rational. Then 
the geodesic flow on Pq is zero-recurrent, with unbounded oscillations. 

We point out that there is a considerable interest in the physics 
literature in the conservativeness and related properties for Z-periodic 
billiards. See, for instance, [3], jH], and the references there. 

3. Z 2 -PERIODIC POLYGONAL SURFACES: DICHOTOMIES 

Let Rq be the unit square; let O C interior(i? ) be a polygon. Set 
Po = K 2 \ U( Pi9 ) G z2(0 + (p,q)). Thus, the Z 2 -periodic polygonal sur- 
face Po is the euclidean plane with a doubly periodic configuration of 
obstacles. It is the Z 2 -version of the band with obstacles studied in 
section 12.21 and section 12.31 The space Po may be called the polygonal 
Lorenz gas. When O is a rectangle, Po is the wind-tree model. See [9] 
and [16]. 

The study of geodesic flows for Z 2 -periodic polygonal surfaces is 
less complete that the corresponding study for Z-periodic polygonal 
surfaces. In section H] we will study in detail the directional flows for 
special directions in the wind-tree model. 

In this section we expose a few general results on the conservativeness 
of arbitrary Z 2 -periodic polygonal surfaces Po- 

For concreteness of exposition, we will consider the surfaces Po when 
O is a triangle. We may then call Po a triangular Lorenz gas. The 
reader will easily extend the results that follow to arbitrary polygons 
in the unit square. We denote by T the topological space of triangles 
inside the unit square. 

Proposition 6. There is a dense G$ set T> G T of triangles such that 
for O G X> the following dichotomy holds: i) the billiard in Po is zero- 
recurrent or ii) the billiard in Po is transient and satisfies equation 
with d = 2, c > 0. 

Proof. The billiard in Po fits into the framework of sections ll.2[ 11.31 
The compact polygonal surface P Q = Po/%> 2 is the standard torus with 
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a triangular obstacle. The flow (UPo,T l , fx) is a skew product over the 
geodesic flow (C/Po,T*,/i) with the fibre Z 2 . Set O = U( Pj(? ) gZ 2(0 + 
(p,q))- The boundaries dO,dO yield canonical cross- sect ions for the 
respective flows. Let {UqoP, T , v) and (U 9 qP, f, v) be the respective 
billiard maps. Then (U 9 qP, f, v) is a skew product over {UqoP, t, u); let 
(f : UgoP — > Z 2 be the corresponding displacement function. The flow 
(UPo, T', jl) is zero-recurrent (resp. transient) iff the map (U 9 qP, f, D) 
is zero- recurrent (resp. transient). 

For (p,q) G N 2 set P( Pt q) = Po/(pZ x <?^)- Then P( Pl(? ) are com- 
pact polygonal surfaces and P(i,i) = Po- If {.P,q),{p' ,q') £ N 2 are 
such that p divides p' and q divides q', then there is a finite covering 

^(pg)^ : P(p'><]') ~~ ^ P(pa)- ^ ne se ^ °f C G T such that the billiard map 
(UdoP{p,q)y T (p,q)y u (j>,q)) is ergodic contains a dense G$ set £>(p l9 ) [19] . 

For O G U( p> i i q)U( Pi g>i)I'(p i g), which is a dense G5, the map (U 9 qP, f, i>) 
satisfies the conditions of Proposition [2j ■ 

Let now O C Po be a rational triangle; thus, the polygonal sur- 
face Po is rational; let Rn be the corresponding dihedral group. For 
9 G [0,7r/iV] let (U Pg , Tq , fig) and (UPg,Tg, fig) be the directional geo- 
desic flows on Po and Po respectively. Let Tg and fg be the respective 
directional billiard maps. See section 11.31 

Proposition 7. Let O C Po be a rational triangle such that N = N(0) 
is even. Then for a.e. 9 G [0,tt/N] the following dichotomy holds: i) 
The map fg is zero-recurrent or ii) the map fg is transient and satisfies 
equation with d = 2, c > 0. 

Proof. Let S, S be the translation surface corresponding to Po, Po 
respectively [TO]. Then S is a Z 2 -periodic translation surface, and 
S = S /Z 2 . We view Tg, T l e as flows on So, So respectively. 

For (p,q) G N 2 set S M = S/(pZ x qZ). If (p, q), (p', q') G N 2 are 
such that p divides p' and q divides q', then there is a finite covering 
9^,,'g) '■ S (p',q') ->■ We denote by T ( * p jff) , /i (Pj(?) ) the flow in 

direction # for the surface S( p ^ q y These flows are compatible with the 
coverings g^'^] they form a projective family. 

Let E C [0, tt/N] be the set of directions 9 such that all directional 
flows T* p ^ are ergodic. For 9 G P, by Lemma [31 <9Po yields cross- 
sections for the flows (S( p , q ), 9 ), H(p,q))- Let T(p )? ) be the Poincare 
maps; let f be the Poincare map with respect to the corresponding 
cross-section for the flow (S, T l e , Ji). Then f is a skew product over T( p>(? ). 
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By Lemma [3, the corresponding displacement functions are centered. 
Proposition |5] implies the claim for f. 

It remains to show that the set E has full measure. For each surface 
Sfa q ) the set Efag) of uniquely ergodic directions has full measure [19] . 
Since E = H^^^E^^, the claim follows. ■ 

4. Z 2 -PERIODIC POLYGONAL SURFACES: RECTANGULAR LORENZ 

GAS 

We will study the polygonal Lorenz gas Po of section [3] when O is a 
rectangle: The rectangular Lorenz gas. In the physics literature this is 
known as the wind-tree model [IB] ; it is of some interest for foundations 
of statistical physics [9]. We begin by introducing notation. Let < 
a,b < 1. For (m, n) G 1? let i2( m , n ) (a, 6) C M 2 be the ax b rectangle 
centered at (m, n) whose sides are parallel to the coordinate axes. The 
Lorenz gas with rectangular obstacles of size a x b corresponds to the 
polygonal surface 

(15) P(a,b)=R 2 \ |J R {m , n) (a,b). 

(m,n)GZ 2 

The quotient surface P(a,b) = P(a,b)fZ 2 is the unit torus with a 
rectangular holeE 

We will modify the notation of section [1] as follows. The surface 
P(a, b) is rational and its dihedral group is R 2 - We identify U/R 2 with 
[0,7r/2]. We will suppress (a, b) from our notation whenever this does 
not cause confusion. For 9 G [0, 7r/2] we denote by (Zg,Tg,p,g) and 
(Zg,Tg,/j,e) (resp. (Xg,fg,ug) and (Xg,Tg,i>g)) the billiard flow (resp. 
billiard map) for P(a, b) and P(a, b) respectively. 

4.1. Rational directions and small obstacles. 

A direction 9 G [0, tt/2] is rational if tan 9 G Q. Rational directions 
9(p, q) = arctan(q/p) correspond to pairs (p, q) G N 2 with relatively 
prime p, q. When there is no danger of confusion, we will use the 
notation (p,q) instead of 9(p,q). 

Let R(a, b) = ABCD be the rectangle in the unit torus. Let 9 G 
(0, 7r/2). The space Xg consists of unit vectors pointing outward, whose 
base points belong to ABCD and whose directions belong to the set 
{±9,7i ±9}. See figured 



7 The polygonal surface P(0, b) or P(a, 0) is the euclidean plane with a Z 2 -periodic 
family of barriers. The billiard flow is then transient. Hence, we assume that 
a, b > 0. 
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We say that the Lorenz gas P(a, b) has small obstacles with respect to 
(j), q) if the geodesies in P(a, b) emanating from A or C in the direction 
6(p, q) return to either point without encountering R(a, b) on the way. 




Figure 6. The cross-section for the conservative part of 
the billiard flow in direction tt/4. 

Lemma 6. The small obstacles condition is satisfied iff 
(16) qa + pb < 1. 

The inequality in equation (1161) is strict iff the directional geodesic flow 
{Z(p,q),'Tt> q )ijZ(p,q)) has a set of positive measure of orbits that do not 
encounter obstacles. 

Proof. The condition is satisfied iff R(a, b) fits between two parallel 
lines with slopes q/p and vertical displacement 1/p. By an elementary 
calculation, this is possible iff 

Q , 1 
a- + b<-. 

p p 

Moreover, the equality in equation (Tl6l) holds iff R(a, b) takes all of the 
space between the boundary components of the strip. See figure [7J ■ 

In what follows we fix (p, q) and assume that the inequality equa- 
tion (fl6j) is satisfied. We identify X^q) with 2 copies of the rectan- 
gle ABCD; the copy denoted by X+ = (ABCD) + (resp. X_ = 
(ABCD)S) carries the outward pointing vectors in the directions 9, ir + 
9 (resp. Ti — 9, 2n — 9). Figure [8] illustrates this. We will now investigate 
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the Poincare map T^ q ) : Xfaq) — > X^ q y, we suppress the subscripts 
when it causes no confusion. 




A 




B 




S- 










D 




c 



Figure 8. The cross-section X( Piq ) and the two corre- 
sponding rectangles. 
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Lemma 7. 1. There are natural identifications of X + and X^ with the 
circle K/Z endowed with distinguished points A, B, C, D; their relative 
positions are given by 

(17) \AB\ = \CD\ = qa \BC\ = \DA\ 



2(qa + pb) 2(qa + pb) 

2. Set r± = t\ x± - Then r+ : X + -> X_, r_ : X„ -> X+. Set S = R/Z. 
W^i/i i/ie identifications X± = S, the maps r + : S 1 —> S and r_ : S — > S 
are the orthogonal reflections about the axes AC and BD respectively. 
The maps t_t + : X + — > X + and t + t_ : X_ — > X_ are the rotations of 

S by t — - — -r and - — - — — respectively, 
(qa + pb) (qa + pb) 

Proof. Vectors emanating from the rectangular obstacle in direction r\ 
at the first return assume the direction r(rj), where r is a reflection in 
R 2 . Thus, r : X + -»■ X_, X_ -> X + . 

Let s and 7 be the arclength and the angle coordinates on the bil- 
liard cross-section. Up to a constant factor, the invariant measure for 
the billiard map has density dv = siwyds Integrating, we have 
v(AB) = v(CD) = qa, v(BC) = v(DA) = pb, up to a constant factor. 
Normalizing v(S) = 1, we obtain equation (fTTj) . 

By construction, the maps t± : S — > S are orientation reversing dif- 
feomorphisms. Since they preserve the arclength, they are isometries. 
Thus, t± : S — > S are orthogonal reflections. By construction, r + (resp. 
r_) fixes the points A, C (resp. B, D). These pairs of points correspond 
to the axes of reflections when we identify S with the unit circle in IR 2 . 



In what follows we will sometimes view t± as isometries of the unit 
circle, r± : S — > S, and sometimes as mappings between the two copies 
of the circle, r + : S + — > r_ : S- — >• S+. 

Set Z± = S± x Z 2 and Z = Z + U Z_. We set f = fu, tq ). Then 
f : Z — > Z is the Poincare map; it interchanges the sets Z + ,Z_. We 
use the notation f±(x,g) = (r±(x),g + <p±(x)). Thus, : S — > Z 2 are 
the displacement functions. The following is immediate from Lemma [7] 
and figure [9j 

Lemma 8. The displacement functions ip± : S — » Z 2 are constant on 
the circular arcs ABC, CD A, DAB, BCD. We have 

¥+\abc = (p, g), V^+Icda = (-p, -q), <P-\dab = {~P, q), <P-\bcd = (p, - 



3 See, e.g., [T3] for this material. 
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Figure 9. The circle and the two orthogonal reflections. 



Set 

A 1 = rI 1 (A) 7 B 1 = t+\B),C x = rl^ClD, = r-\D). 

Our next result describes the transformation f 2 : Z — > Z. We set 
f± = t 2 \z ± - Recall that we have identified S and R/Z. We will usually 
denote by x + y the operation in R/Z. If the danger of confusion arises, 
we will write x + y mod 1. 

Proposition 8. We have 

(f 2 )+(x,g) = (x+ qa ,g + ip + {x)), 

qa + pb 

(f 2 )_(x,g) = (x+ Pb g + i/j_(x)). 

qa + pb 

The displacement functions ip± take values (±2p, 0), (0, ±2g). Each 
ip± determines a partition of S into four intervals such that ip± = const 
on each interval. The endpoints of these intervals belong to the set 
A,B,C,D,A 1 ,B 1 ,C 1 ,D 1 . 

Proof. We have ij 2 ) + = T-T+, (t 2 )_ = r + r^.. The product of two 
orthogonal reflections is the rotation by twice the angle between their 
axes. The values of angles follow from Lemma [71 

We have 4>±(x) = <p±(x) + (p T (r±(x)). By Lemma [H ip± are con- 
stant on the circular arcs which are the intersections of half-circles 
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ABC, CD A, DAB, BCD with half-circles AiBC u C X DA X , D X AB X , B X CD X . 
We have 

^+\abchd 1 ab 1 = <P+\abc + <P-\dab = (p,q) + (-p,q) = (0,2g); 

^+\abchb 1 cd 1 = <P+\abc + ¥>-\bcd = (p,q) + (p, -q) = (2p,0); 

^+|cDAnD 1 AB 1 = V+Icda + <P-\dab = (-P, -q) + (-P,q) = (-2p,0); 

V ; +lcDvlnB 1 CD 1 = V^+Icda + <P-\bcd = (~P, ~q) + (P, = (0, ~2q). 
Analogously 

^-\DABnA 1 BC 1 = V-\dab + V+\abc = {-PA) + (pa) = (0,2g); 
V^— IdabciCiDAi = V-\dab + ^+|cDyi = (-PA) + (~P, -?) = (-2p,0); 

= <P-|bct> + <P+\abc = (p,~q) + (PA) = (2p,0); 
V'-lBCDnCiDyl! = ^-Ibcd + <P+|czm = (p, -g) + (-p, -<?) = (0, -2q). 

■ 

We set 

(18) a = -, p 



qa + pb qa + j>6 

Then < < 1 and cc + /3 — 1. In what follows we assume that 
a < (3 or, equivalently, ga < pfc. This assumption allows us to avoid 
extra computations. The case (3 < a reduces to this by switching the 
coordinate axes. We identify S + (resp. £_) with [0, 1] so that the 
points A, B, C, D (resp. D, A, B, C) go to 0, § , ~, ~ + § (resp. 0, ~ - 
f , 2> 1 ~ f ) respectively. With these identifications, ip± : 5 — >• Z 2 are 
piecewise constant functions on [0, 1]. We will now explicitly describe 
them. The formulas below follow from Proposition[8]by straightforward 
calculations; we leave them to the reader. 

Proposition 9. The function ip + : [0, 1] — > Z 2 is given by 



(Q,2q) on]0,i-f[, 
(2p,0) onU-f, 



(19) MX) = < (0,-2,) on]|,l*'f[, 

(-2p,0) on]l-f,l[. 

The function ip- : [0, 1] — > Z 2 is given by 

(-2p,0) on]0,2[, 

(0,-2g) on ]§ + §,![. 
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The following properties of ip± : [0, 1] — > Z 2 are immediate from 
equations ffT9l) . fl20l) . The lengths of intervals of continuity are f , f , 
and they alternate. Each function takes four values which generate the 
subgroup Hfaq) = 2p7L © 2gZ C Z 2 . Using the isomorphism (a, b) \-t 
(2pa,2qb) of Z 2 and ii( p , ? ), we replace the displacement functions ^+ 
and V'- by piecewise constant functions on [0, 1] that do not depend on 
p,q. Let \l/ be the function corresponding to Then 



4.2. Ergodic decompositions for the billiard dynamics. 

Let f : X x Z 2 — > X x Z 2 be the billiard map in direction (p, q) for 
the Lorenz gas with rectangular obstacles of size a x b. Recall that 
we have identified X with 2 copies of the unit circle: X = S + U 5_. 
Let Crfoq) C Z 2 be the group generated by (p,q) and (p,—q). Then 
|Z 2 /G( Pj(? )| = 2pq. If G is any countable group, we will denote by v the 
measure onlxG which is the product of the Lebesgue measure on 
X and the counting measure on G. 

Theorem 5. Let (p, q) G N 2 with p, q relatively prime. Let a, b > 
satisfy qa + pb < 1; suppose that a/b is irrational. For g G Z 2 /G( Pig ) 
denote by g + G*( Pj(? ) C Z 2 i/ie corresponding cosets. Then the following 
holds. 

1. For g G Z 2 /G( Pi g) t/je sets X x (g + G( Pi(? )) ClxZ 2 are f -invariant. 
The dynamical systems (X x (g + Gfa q \),T,u) are ergodic; they are 
isomorphic for all g G Z 2 /G( P)(3 ). 

2. Tne partition 



yields the decomposition of the dynamical system (X x Z 2 ,r, v) into 
2pq isomorphic ergodic components. 

Proof. Set G = Z 2 /G( pg ). Lemma Hand Lemma M identify f with the 
collection of transformations f\g : S± x (g + G( P)9 )) 5 T x (p + G( Pi9 )), 
where g £ G. This implies the first part of claim 1. 

Propositions [8] and [9] represent the restrictions f±\g : S± x (g + 
^(p,<?)) — ^± x (d + G(p,q)) as skew product transformations over 
certain rotations sH-s + cronS' = 1/Z with particular displacement 
functions ip. They do not depend on g G G. This proves the third part 
of claim 1. 



(21) 




J 2 2 ' 2 L> 

on]|,l-f[, 
on]l-f,l[. 



Q 



(22) 



X x Z 2 = U §eZ 2 /G(p 9) X x (^ + C (Pi9) ). 
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With the notation of equations ( |T8l) . ( 1T91) . ( 120|) . we have 

(23) T+\g = p a ,i> + , T_\g = Pf3^_. 

Since f interchanges S + X (g + G^ q )) and S_ x (g + G( p(3 )), the 
ergodicity of f|g would follow from the ergodicity of skew products 
Pa,tp+ , Pp,ip- ■ By symmetry, it suffices to prove the ergodicity of p a ^ + . 
Let ^ : S — > Z 2 be given by equation f[2~Tj) . and let p a ^ : S x Z 2 — »■ S x 
Z 2 be the corresponding skew product. The isomorphism = Z 2 

and equation f[2"Tl) yield p Qj ^, + = p a ,*. By Theorem in section lo"73l p Q ^ 
is ergodic for any irrational a. We have established claim 1. Claim 2 
is immediate from it. ■ 

Theorem [5] describes the ergodic decomposition of the billiard map 
in direction (p, q) on the polygonal surface P(a,b). We will now de- 
scribe the decomposition of the geodesic flow in direction (p, g)H The 
configuration space for the directional flow (Z, TL q yp) consists of unit 
vectors in directions (±p, ±g) with base points in P(a,b). For z G Z 
we denote by 7(2) C P(a, b) the geodesic it generates. Let C C Z 
(resp. D C Z) be the set of z G Z such that j(z) encounters (resp. 
does not encounter) rectangular obstacles. Then Z = C U D, a dis- 
joint union. For g G G set 0(#) = U( min ) e(g+G(p 9) )i?( m , n )(a, 6). Thus, 
0(g) is the union of obstacles i?( m;n )(a, b), as (m, n) varies in the coset 
g + G(p !q y Let C(g) C C be the set of phase points z G Z such that 
7(2) encounters obstacles in 0(g). Let p^ be the restriction of p to 

Theorem 6. Let (p, q) G N 2 with p, q relatively prime. Let a, b > 
satisfying equation (1161) be such that a/b is irrational. Let (Z ,TL p) 
be the directional flow. Then the following holds. 

1. The sets C(g),g G G, are T l -invariant; the dynamical systems 
(C(g), T f , p,g) are ergodic and pairwise isomorphic. The partition C = 
^g&eG(g) yields the ergodic decomposition 

(24) (Cif^p) = UgeGiCig),^,^) 
of the conservative part of the flow (Z, Tl ^, p) . 

2. The dissipative part D is trivial iff we have equality in equation (fT6]) . 
Suppose that the inequality in equation ffT6]) holds. Then D = L x R ; 
where L is a countable union of disjoint intervals of the same length. 



To simplify notation, we will suppress the dependence on (p, q) whenever this 
does not cause confusion. 
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The restriction of fi to D is the product of lebesgue measures on L and 
R; the flow (L x R, T* pq yp) is the translation flow along R. 

Proof. By definition, the restriction of the flow Tf s to D is dissipative. 
Claim 2 is immediate from Lemma [61 

The flow (C ,TL p) is a suspension flow over the transformation 
(X x Z 2 ,f, £). Claim 1 now follows directly from Theorem [5j In 
particular, equation fl24j) follows from the ergodic decomposition of 
(I x Z 2 , f, v) given by equation fl22l) . ■ 



The proposition below relates the ergodic decomposition equation (J2 
to an equidistribution of billiard orbits. It holds under the assumptions 
of Theorem [6j 

The geodesic 7(2) generated by z £ Z is a curve in the polygonal 
surface P(a,b). We will use the notation js(t), < t, for this curve, 
parameterized by the arclength. For (m,n) £ Z 2 ,5 £ C and T > 
let N(z,T; (jn,n)) be the number of times < t < T such that the 
billiard orbit jz(t) encounters the obstacle i?( m) „)(a, b). 

Proposition 10. Let (m,n), (m! ,n') £ Z 2 . T/ien the following di- 
chotomy holds. 

1. Suppose that the numbers m ~ m , are integers of the same parity. 

Then there is a T l invariant subset E C C of infinite measure deter- 
mined by the coset (m, n) + G( p ^, and such that for p,- almost every 
z £ E both functions N(z,T; (m,n)), N(z,T; (m',n')) go to infinity as 
T — > oo. Moreover, for p-almost every z £ E we have 

(25) lim (m ' n)) ^ 



t^oo JV(^,T; (m',n')) 

T/ie set C\E also has infinite measure. For p-almost every z £ C\E 
we have 

N(z, T- (m, n)) = N(z, T; (m', n')) = 0. 

Suppose that the above assumption on (m, n), (m', n') zs not satisfied. 
Then for p-almost every z £ C one of the following possibilities holds: 

a) N{z, T; (m, n)) = N(z, T; (m', n')) = 0; 

b) N(z, T; (m, n)) = 0, N(z, T; (mf, n')) -> oo; 

c) JV(z,T; (m',n')) = 0, N{z,T; (m,n)) -> oo. 

Proof. 1. Recall that (C , T* p a, /i) is a suspension flow over the billiard 
map (X x Z 2 , f, z>). The set X consists of unit vectors with directions 
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(±p, ±g) based on the boundary of the rectangle R(a,b). Let X = 
X x Z 2 and for (m,n) G Z 2 set X( m>n ) = X x {(m, n)}. Then 

X — U(m,n)eZ 2 X( m>n ), 

a disjoint union. We will use the ergodic decomposition of (X xZ 2 ,f, v) 
established in Thorem[5j For g G G let X(g) C X be the corresponding 
ergodic component of (X x Z 2 ,f, z>). We denote by (m,n) i-> (m,n) 
the projection of Z 2 onto G = Z 2 /G( Pj(? ). Then, by equation fl22|) . 

= u (^)=^(™,n)- 
Denote by l( min )(x) the function 1^ : X — > Z. For fc G N set 



k 



f(x, k; (m, n)) = 



i=0 



Our assumption on (m, n), (m', n') is equivalent to (m, n) = (m', n'). 
Set (m, n) = g £ G. Then X( m)Tl ) , X( m ', n ') C X(g). We use the ergodic 
theorem for dynamical systems with infinite invariant measure pp. It 
states that for a.e. x £ X(g) 

f(x : k;(m,n)) Y.i=o 1 (m,n)(f t (x)) _ u(X {m>n) ) 



k^oof(x,k;(m',n')) fe^oo £* =o \ {m , ^{x)) u{X {m , tVf) )' 

The volume z>(X( / t i i)) does not depend on (k,l) G Z 2 . We have < 

u(X(k,t)) < °°) an d v(X( k> ij) is determined by a x b and (p, g). See 
Lemma [7J Hence, the preceding equation implies the formula 

(26) lim fi ^ k] Kn)) = 1, 

which holds, as usual, for a.e. x G X(#). 

We will now outline an asymptotic relationship between the functions 
N(z,T\ (m,n)) and f(x,k;(m,n)). Let P = P/Z 2 be the compact 
polygonal surface; to simplify our notation, we suppress the dependence 
on a x b and on (p,q). Recall that P is the standard torus with a 
rectangular obstacle. Let (Z, T*,/i) and (X,t,u) be the billiard flow 
and the billiard map in the direction (p,q) for P. Then (Z, T*,/i) is a 
suspension flow over (X, r, i/); the roof function r(x) : X — > R + is the 
time it takes for the forward billiard orbit 7x(t), < t, to return to the 
cross-section. The mean time of return is given by 

u(X) • 
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Let A C X be a measurable set. We associate with A two functions. 
The function N A (z, T) : Z x M + — >• N is the number of times < t < T 
the billiard flow orbit 7 Z (£) encounters A; the function /^(x, fc) : X x 
N — > N is the number of times < % < k the billiard map orbit r l (x) 
returns to A. Suppose that (X, r, v) is ergodic. Then for u-a. e. x G X 
we have 

(27) N A (x,T) = f A (x,[j\) + o{T). 

We point out that equation (|27|) holds for ergodic suspension flows, 
in general. In our setting the roof function has a simple geometric 
meaning. Let | • | denote the euclidean norm on R 2 . Recall that (p : 
X — > Z 2 C IR 2 is the displacement function. The elements x G X are 
vectors in M 2 based at boundary points of the rectangles -R( m , n )(a, 6) as 
(m, n) G Z 2 . Let x H- x be the projection of X onto X. For x G X let 
G M 2 be the base point. Then x H- 6(r(x)) — b(x) + y(x) is a well 
defined mapping of X to 1R 2 . We then have 

(28) r(x) = \b(f(x)) -b(x) + <p(x)\. 

Note that the function r : X — > M + is Z 2 -invariant. The mean return 
time to the cross-section X is equal to the mean return time to the 
quotient cross-section X. We have 

_ = fx \Ht{x )) - b(x) + <f(x)\du(x) 



u{X) 

Thus, < f < oo. Set E = C(g). Combining equations flU}, (J27|), ([29]), 
we obtain the former part of our claim. We have C\E = U;- g( 5\{g}C , (/i). 
The remaining part of our claim follows from the preceding discussion 
and equation (12"7|) . 



2. Set g = (m,ri),g' = (m',n'). The assumption on (m,ri),(m',n') 
does not hold iff g ^ g' . Thus, X(g) and X{g') (resp. C(g) and 
C(g')) are distinct ergodic components of X (resp. C). Equations a), 
b), c) follow from the preceding discussion. Equation a) holds when 
z G C \ (C(g) U C(g'); equation b) (resp. c)) holds when z G C(g') 
(resp. z G C(g)). m 

The following is immediate from Proposition [TOl 

Corollary 7. Lei (m,n), (m',n') G Z 2 . TTien /or almost every z G C 
i/ie raizo N(z,T; (m,n))/N(z,T; (m',n')) converges to either 1, or 0, 
or infinity, as T — >• oo. 
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5. Ergodicity of cocycles over irrational rotations 

The subject of this section is the ergodic theory for a certain class 
of skew product transformations. The results are instrumental in ob- 
taining ergodic decompositions for directional flows in the rectangular 
Lorenz gas model. See Theorem [51 Theorem [61 and Corollary [TOl 

Throughout this section, we will use the following setting. Let G be 
a locally compact abelian group Set X = M/Z. For < a < 1 let 
p a : X — > X be the rotation + « mod 1 . Let $ : X — > G be a 

piecewise constant function. Define the transformation p a $ :IxG-} 
X x G by (x,g) H- (p a (x),g + $(x)). Let Leb denote the Lebesgue 
measure on X; let p be the measure on X x G which is the cartesian 
product of Leb and a Haar measure on G. The dynamical system 
(X x G ,Pa,<s>,f^) is the skew product over p Q , with the fibre G and the 
displacement function $. Let ($ n ) be the cocycle corresponding to $ 
and p a . See Definition [TJ If the dynamical system (X x G,p a ^,p) is 
ergodic, we will say that the cocycle ($ n ) is ergodic. 

In the studies of ergodicity for (X x G,p a ^,p) it is common to 
assume that the points of discontinuity of $ are not arithmetically re- 
lated to a. In view of equation (121 p . this assumption does not hold 
for our applications in section HI Thus, we will expose two approaches 
to proving the ergodicity of cocycles over irrational rotations. One of 
them is based on the "well distributed discontinuities" property for a 
cocycle0 See Definition |6j The cocycles (^ n ), needed for our applica- 
tions, satisfy (wdd) for generic a. This approach allows us to establish 
the ergodicity of {^ n ), and similar cocycles, for generic rotation angles. 
We develop this approach in section 15.21 see especially Corollary P2J 

In our applications in section HJ a is determined by the parameters a 
and b, i. e., the sizes of billiard obstacles. See equation ( ITS]) . Hence, the 
results of section l5\2l prove the claims of section l4~2l for generic obstacles. 
However, (wdd) may fail for some parameters a, b. Our other approach 
is geared specifically to the cocycles (^/ n )- We establish their ergodicity 
for all irrational a in section 15.31 

5.1. The inequality of Denjoy-Koksma. 

We recall basic facts about continued fractions. See, for instance, [2TJ 
for this material. Let a e]0, 1[ be an irrational number, let [0; 
be its continued fraction representation, and let (p n /(ln)n>o be the se- 
quence of its convergents. The integers p n (resp. q n ) are the numerators 
(resp. denominators) of a. Thus = 1, po = 0, g_i = 0, go — 1- F° r 



'In our applications G ~ R 1 x Z d2 . 
We will use the abbreviation (wdd). 
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n > 1 we have 

(30) p n = a n p n -i+p n - 2 ,q n = a n qn-l + qn-2, (-1)" = Pn-X<ln-Pn<ln-X- 

For u G R set ||w|| = inf n6 z \u — n\. Then for n > we have ||gVitt|| = 
(— l) n (g n a — p n ). We also have 

(31) 1 = g n ||g n+ ia|| + g„ + i||g„a||, 

1 11 

(32) ■ < \\q n a\\ < = ■ , 

(33) \\lnCt\\ < ll^ a ll for 1 < A; < q n+ \. 

We denote by V(tp) the variation of functions; we will use the short- 
hand BV for functions of bounded variation. A function is centered if 
f x ip(x) dx = 0. Let ip be a centered BV function on X. Let p/q be 
a rational number in lowest terms such that ||a —p/q\\ < l/<? 2 - The 
Denjoy-Koksma inequality says that for any i6lwe have 

3-1 

(34) |J>(x + ia)| <V{<p). 

e=o 

The following is immediate from equations ( |32|) and (134]) . 

Corollary 1. Lei $ : X — )■ G be a centered BV function. Then the 
cocycle (<3> n ) over any irrational rotation is recurrent. 

We will use the following properties of the sequence Pk/qk- At least 
one of any two consecutive numerators (resp. denominators) is odd. If 
both p n , q n are odd, then one of p n +i, q n +i is even. 

Lemma 9. Let a andpk,qk for k > be as above. Then the following 
holds. 1. In any pair of consecutive denominators at least one satisfies 
Qn\\Qn a \\ < 1/2- 2. Out of any four consecutive denominators at least 
one is odd and satisfies q n \\q n a\\ < 1/2. 

Proof. 1. For any n G N define 8\ and 5 2 by qVilkncHI = \ — <^i, 
g n+ i||g n+ iQ!|| = 5 — #2- By equation ( 13T1) . we have 

(<?n+i - g«) 2 = 25ig 2 +1 + 2<5 2 g 2 . 
Hence, 5i and 82 cannot be both negative. 

2. The a priori possible parities for any four consecutive denominators 
g n ,_i, q n , q n+1 , q n+2 are as follows: 

(0, 1, 0, 1) (0, 1, 1, 0) (1, 0, 1, 0) (0, 1, 1, 1) 

(1, 0, 1, 1) (1, 1, 0, 1) (1, 1, 1, 0) (1, 1, 1, 1). 

If there are two consecutive odd denominators, then the statement 
follows from claim 1 . It remains to consider the possibilities (0, 1, 0, 1) 



38 



JEAN-PIERRE CONZE AND EUGENE GUTKIN 



and (1, 0, 1, 0). Then we have, respectively, q n is odd, a n+ i ^ 1, and 
q n+ i is odd, a n+2 ^ 1. Set q = q n (resp. q = q n+ \) in the former (resp. 
latter) case. Then gllgaH < 1/2. ■ 

5.2. Ergodicity of generic cocycles. 

Let d(-, •) be an invariant distance on G. 

Definition 5. Let a G G. 1. Suppose that for n > 1 there exist 
£ n G N, e n > 0, and 5 > such that 

i) We have lim n £: n = 0, \im n £ n a mod 1=0, 

ii) We have Leb({x : d($e n (x),a) < e n }) > 5. 

Then we say that a is a quasi-period for the cocycle ($ n )- 

2. We say that a is a period if for every p a $-invariant measurable 

function / on X x G and for a.e. (x, g) G X x G we have 

(35) f(x,g + a) = f(x,g). 
We will use the following fact [Hj. 

Lemma 10. Every quasi-period is a period. 

The set of periods is a closed subgroup of G which coincides with the 
group of finite essential values of the cocycle [22]. A cocycle is ergodic 
iff its group of periods is G. 

We introduce more notation. Let $ : X — > G be a non constant 
piecewise constant function. Denote by R(<&) C G the range of $, 
i. e., a G R(<&) iff $>(x) = a on a nontrivial interval. Denote by 
T> = {ti : i = l,...,d} the set of discontinuities of $. We assume 
without loss of generality that G V. For N G N let Vn = {U — 
ja mod 1: 1 < i < d, < j < N} be the set of discontinuities for 

$N(t) = J2k=o ®(t + ha). We set V N = {0 = 7JV)1 < ... < 7v,dv < 1}; 
thus, for 1 < I < dN the elements 7^ run through T>n in the natural 
order. We set jnjn+i = 7jv,i- The following notions will be important 
in what follows. 

Definition 6. 1. Let < a < 1 be irrational. Let $ : X — > G be a 

piecewise constant function; let (<E> n ) be the corresponding cocycle over 
p a . Suppose that there is c > and an infinite set W of denominators 
of a such that for all q G W, £ G {1, . . . , dq} we have 

(36) 7,^+1 - 7 9i £ > ^. 

Then the cocycle has well distributed discontinuities. We will use the 
shorthand (wdd). 
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2. Let a g]0, 1[ be irrational, and let [0; a±, a n , ...] be its continued 
fraction. Then a has property (D) if there is M G N such that for 
infinitely many n either a n G [2, M] or a n = a n+ \ = 1. 

Lemma 11. Lei i G |(Za + Z) \ (Za + Z). Then there exist c > 
and L G N such that, if n > L and either i) a n+ i G [2, M] or ii) 
a n+ i = a n+2 = 1, then for 1 < k < q n — 1 we have 



(37) \\ka-t\\ > — . 

Proof. Let £ = + |r, with £, r G Z, and £ or r odd. Let L be such 
that \£\ < q n -\ for n > L. Let G — 1]. For n > L, we have if 

fln+i > 2, 

|2fc - t\ < 2k + |£| < 2g n + g n _i < a n+1 q n + g n _i = q n+1 . 

If a n+1 G [2, M], then, by equations (|32|) and (133|) . for all j G [1, g„+i[, 
we have 
(38) 

i . i . |. 1 1 1 
ja > q n a > ■ = — — > . 

q n + q n +i {a n +i + mn + q n -\ (2 + M)q n 

If 2k — £ 7^ 0, equation (|3~8"j) implies 

> -\\(2k-£)a\\ > 



2 IIV ; 11 " 2g n (2 + M)" 

If a n+ i = a n+2 = 1, we have g n+ i = g„ + g„_i, g„ +2 = q n +i + 
2g n + q n -i and |2/c - £| < 2q n + g n _i = q n+2 . Thus, if 2/c - £ ^ 

||(2A; - £)a\\ > \\q n+1 a\\ > j- = — -L > -L. 

If £ is even then r is odd, so that for 2k = £ we have ||fca — t|| 
||(Ar-|/)a-J|| = |. 

In each case equation ( 1371) holds with c = inf ( 2 ( 2 +m) > 15 > 



The following is immediate from Lemma [TTJ 



Proposition 11. Lei a be irrational, let $ : X — >■ G 6e a piecewise 
constant function, and let V G X be its set of discontinuities. If a 
has property (D) and ifVc {|(Za + Z) \ (Za + Z)} mod 1, t/ien t/ie 
cocycle ($ n ) nas (wdd). 

The following theorem is the main result of this subsection. 
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Theorem 7. Let < a < 1 be irrational. Let $ : X — > U be a 

piecewise constant, centered function, and let R($>) C Z r be the range 
of®. 

Let ($„) be the corresponding cocycle. If ($„) has property (wdd), 
then the group of its periods contains -R($). 

Proof. Let W C N be the infinite set of denominators of a intro- 
duced in Definition [61 We will study the family of functions {& q (x) = 
J2o<k< q -iH% + ka mod 1) : q G W}. For 1 < I < dq let I q/ = 
]lq,e, 7q,e+i[ be the intervals of continuity Set X q = {I q ^ : 1 < t < dq}. 

For U in the set V of discontinuities of $, let <Xj = lim e _ >0 + [^(^t + 
e) — &(U — s)] be the jump at U; let £($) = {<Tj : 1 < i < d} be the set 
of jumps. Set R = U q£ wR(&q) C IT . By equation (|34|) . R is a finite 
set. 

Each interval [-, ^-[, < k < q, contains an element ja mod 1, < 
j < q — 1. Thus, for any t G X, the elements {t + ja mod 1 : j = 
0, . . . , q — 1} partition X into intervals of lengths less than 2/q. Hence, 
any interval J C X of length > 2/q contains at least one point of the 
set {t + ja mod 1 : j — 0, . . . , q — 1}. 

Let c be the constant from equation (I3"B"|) ; set L = |_— J — (— 1 . Let 
I q ,i G X g be arbitrary. Set C X be the union of L consecutive 
intervals in X q starting with I q ^. By equation fl36l) . the length of J q> i 
is greater than or equal to 2/q. Thus, for any t-i G V, the interval 
J qi e contains a point in the set {ti + ja mod 1 : j — 0, . . . , q — 1}. 
Therefore, for any a G S(<I>), there is v G R and two consecutive 
intervals /, /' G X g such that / U i 7 C and such that $g takes values 
v and u + a on / and V respectively. 

Let o~ G v G -R. Let ^(cr) C X 9 be the family of intervals 

/ G X q such that the jump at the right endpoint of / is a . Let A q (o~, v) C 
J-'qicr) be the set of intervals / G X^er) such that the value of $ q 
on / is v; let ^(<r, C X g (o") be the set of intervals I' G F q (o~) 
adjacent on the right to the intervals / G A q (cr,v). Let A q (a,v) C X 
(resp. y4'(cr, f) C X) be the union of intervals / G A q (a, v) (resp. 
I' G f)). Thus, $ 9 takes value t> (resp. v + a) on A 9 (<r, t>) (resp. 

Denote by | • | the cardinality of a set. There is v o G R and an infinite 
subset of W (which we denote by W again) such that for q G W we 
have 

(39) \A q (a,v )\,\A' q (a,v )\ > ^t|X»|. 
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We have |J-g(o")| > qd/L. By equation ( )36|) and equation ( 1391) 

Leb (A q (a, v )) , Leb (A' q (a, u )) > ^ > ^pj. 

Thus, both t> and -u + o~ ar e quasi-periods for the cocycle By 
Lemma [TUl they are periods. Hence a is a period for the cocycle ($«)• 
Since a G was arbitrary, the group of periods for p a $ contains 

£($). 

If if C G is a subgroup, we will denote by "bar" the reduction 
modulo H. Thus, $ : X — > G/H is & piecewise constant function. The 
dynamical system (X x G/H, p a ^, p) is the skew product over p a with 
the fiber G/H and the displacement function $. To simplify notation, 
we will denote it by 

Let H C G (resp. H' C G) be the group generated by £($) (resp. 
i?($)). We have shown that H is contained in the group of periods for 
p a ^. The function $ : X — > G/if is constant. Let a G i?' be such that 
$ = a. Then 

P^$0, <?) = (Pa(z),<? + a)- 

Observe that H'/H C G/ii is the cyclic group generated by a. If 
\H'/H\ = oo, then $ is dissipative, contrary to Corollary [TJ Thus, 
H'/H is a finite cyclic group. Let \H'/H\ = n. 

Let / be a p^ ^-invariant measurable function. Then / defines a 
p^$-invariant function; we denote it by /. By the above equation 

M(x),g) = f(x,g). 

Hence f(x,g) depends only on g. In the self-explanatory notation, 
f(x,g) = f(g). Therefore, a is a period for /, and hence a is a period 
for /. ■ 

The following is immediate from Proposition [TT] and Theorem [7J 

Corollary 2. Let§ : X — >■ G be a piecewise constant, centered function 
such that -R($) generates G. Let T> C X be the set discontinuities o/$. 
Let < a < 1 be irrational. Suppose that T> C {|(Za + Z) \ (Za + Z)} 
mod 1. 7/ a /ias property (D), then the skew product p a ^ is ergodic. 

Remark 3. Let * : X -> Z 2 be the piecewise constant function that 
arose in our analysis of the rectangular Lorenz gas. See equation (l2Tj) . 
It satisfies the assumptions of Corollary [2j Almost every irrational a 
has property (D). Thus, Corollary [2] implies the claim of Theorem |5] for 
generic small obstacles. The results in the next section will allow us to 
prove Theorem \5\ for arbitrary small obstacles. 
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5.3. Removing the genericity assumptions. 

Let < a < 1. Set 

( 4 °) 7 = 1 [o,|[ - hhM C = ^o.l-f I ~ ^ii-f C 

Thus, 7, C : X — )■ Z are piecewise constant functions. See Figure [TU1 




[3+1/2 



Figure 10. The function ( = l [0)( g[ - for /3 < 1/2. 



We will establish the ergodicity of cocycles (7™), (Cn) for any irra- 
tional a. First, we explain the heuristics. Suppose that a does not 
satisfy property (D). Then, passing to a subsequence, if need be, we 
have a n — > 00. Suppose that for all sufficiently large n the numbers 
q2n and p2 n are odd, while q^n+i is even and p2n+i is odd. Then for 
n > n the inequality ((q n , ■) 7^ holds only on sets of very small mea- 
sure. Thus, we cannot use the method of Theorem [7J Instead, we will 
consider ((tq, •) for such t that ||tga|| is close to zero but big enough 
to ensure that ((tq,x) = ^!=oC(?> x + kqa) does not vanish on a set 
of measure bounded away from zero. 
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We will informally refer to this idea as the "filling method". Fig- 
ure [TT] illustrates it. 
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FIGURE 11. Illustration of the filling method: Graph of ((t n q n , •) . 

From now on, < a < 1 is an arbitrary irrational number. We leave 
the proof of the following lemma to the reader. 

Lemma 12. If q is odd and q\\qoc\\ < 1/2, then for all x we have 

By Lemma fT2l 1 is a quasi-period for the cocycle (7„) over p a . By 
Lemma fTUl (7„) is ergodic. 

Theorem 8. Let ( : X — > Z be given by equation fHUj) . T/ien i/je 
cocycle (( n ) over p a is ergodic. 

Proof. Let p n /q n be the convergents of a. Let p^, q' n £ M be such that 
q n = 2q' n or q n = 2q' n + 1 and p n = or p n = 2p' n + 1, depending on 
the parity. Set a = p n /q n + 9 n . 

The set of discontinuities of £ is {0, /3 = ~ — |, |, = 1 — ^}; the re- 
spective jumps are 1, —1, —1, 1. If t £ {0,/3, the corresponding 
discontinuities of ( q are {t — ja : j = 0, q — 1}. 

Depending on the parities of p n , q n , we define partitions {0, (3, ~, /?'} = 
Pi U P 2 as follows: 

1) For q n odd and p n even, we set Pi = {0, /?'}, P 2 = {|,/3}; 

2) For g n even and p n odd, we set Pi = {0, |}, P 2 = 

3) For g n odd and p n odd, we set Pi = {0, f3}, P 2 = {|, /?'}. 
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Discontinuities of £„ n which come from points in the same atom of 
the partition are very close to each other; discontinuities which come 
from points in distinct atoms of the partition are well separated from 
each other. 

We will consider in detail only case 2). The analysis of other cases 
is similar, and we leave it to the reader. In what follows, all numbers 
and equalities are understood mod 1. To simplify notation, we will 
suppress the subscript n. Thus, we write a = p/q + 9, etc. 

a) The set of discontinuities, D C X, corresponding to t = is D = 
{—ja : j — 0, q — 1}. For each integer r there is ji(r) G {0, q— 1} 
such that —ji(r)p = r mod q. Hence, D = { r - — j\{r)9 : r = 0, ...,q — 

!}• 

b) Let t=\. The corresponding set of discontinuities is Di — { — — i^- — 
jO : j = 0, q— 1}. For each integer r there is j2( r ) £ {0, q — 1} such 
that q 1 — j2( r )p = r mod q. Thus, Di = — j2{r)9, r — 0, q — 1}. 

c) Let t = 1 — f • Then the set of discontinuities is -Di-f = — 
(p +i+jp) _ _|_ . ^ _ o, — 1}. For each integer r there is 
j3(r) G {0, q — 1} such that — (p' + 1 + jzij)p) = r mod q. Hence 
D i-f = + 4 - OfsW + 1)0 : r = 0, g - 1}. 

d) Let t = i-f . The set of discontinuities is Di a = If - ( " (? ' +p ' +1+J>) - 

/ 2 2 2~2" L2 9 9 

(j + : j = 0, — 1}. For each integer r there is j^{r) G 
{0, g — 1} such that q' — {p' + l + j4(r)p) = r mod q. Hence Di_ £L = 

{ L q + T q -(Mr) + l)0: r = 0,..,g-l}. 

The set of discontinuities of Co is -Do U Di U -Di_q U Di «. Observe 

that in all cases \ji(r)9\ < \q9\; since (j 2 — j\)p = \q mod q and (j 4 — 

J3)p = \o. m od q, we have 

1 1 

(41) j 2 (r) = ji(r) ± -q, j' 4 (r) = j 3 (r) ± -g. 

We are going to determine the values taken by the cocycle Cg{ x ) f° r x 
in a neighborhood of the typical interval [-, ^-], where r is an integer 
in {1, ...,q — lj. Assume, for concreteness, that 9 < 0, ji = j 2 + \q, 



3a — J3 + |SO Let x start at | and let it move to the right; set 
( q (x) = a. The value of the cocycle ( q (x) is constant until x crosses 
the discontinuity (corresponding to t — 0) at ^ — ji(r)9, where ( q (x) 
increases by 1. After that the cocycle does not change until x crosses 
the discontinuity at - — j2(r)9 (corresponding to t = |) where the 
cocycle decreases by 1, returning to the value a. 



12 



The analysis for 9 > and/or j\ = j% — ig, and/or 74 = j'3 — is analogous. 
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The first two discontinuities occur before x crosses the two other 
discontinuities under the condition that \ji(r)6\ is less than ^. This 

takes place if q 2 \9\ < ~, a condition which holds below because we 
consider the case when q 2 \6\ is small. As x continues to move to the 
right, the cocycle remains at the value a until, near ^ + it increases 

by 1 at the point - + i — (js(r) + |)#, a discontinuity corresponding 



to t = 1 — f , and then decreases by 1 
discontinuity corresponding to t = \ — f 



at 



Therefore, we have 



j_ 

2<2 



- (j 4 (r) + \)9, a 



a ± 1 on ]- - jx{r)9, - - j 2 (r)9[, 
q q 



a ± 1 on 



a. 



r 1 r 



+ - 2 n 



The order of the 



Elsewhere, ( q 

This analysis is valid for every interval ^-] 
discontinuity points may change, but not the order between the groups 
of discontinuity. In particular, this implies that ( q = a on a subset 
of large measure in [0, 1]. Since the mean value of ( q is zero, we have 
a = 0. 

We will now finish the proof. If a satisfies condition (D), then the 
claim holds, by Corollary [2J Thus, we assume that a does not satisfy 
condition (D). Then one of the cases 1), 2), 3) materializes for an 
infinite sequence (rik) such that a nk +i — > oo. We will then say, for 
brevity, that a case occurs infinitely often. If case 1) occurs infinitely 
often, then 1 is a quasi-period for (£ n ). See figure | 







/q 
i 


2A 


1 




S/q 

I 


4/ 


q 




E l/2 




n^tx 




op 













Figure 12. Graph of the cocycle ( q for q odd, p even. 
Its value is 1 on a set of measure > 5 > 0. 
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Suppose now that case 2) occurs infinitely often. We will use the 
preceding analysis. For 1 < r < q rik — 1 set 

h,r = ]-£--h(r)6 nh ,-£--j 2 (r)6 nk [, 

Qn k Qn k 

Jk,r = ]- L + ^--(j3(r) + ^„ fc ,^ + ^--(j 4 (r) + ^ nfc [. 

Hn k ^Hn k Hn k ^<dn k * 

By equation (HTi) . these intervals have length \q nk \0n k \- At the scale 
— , they are close to — and to — — h tt— respectively. Outside of 

Qn k ' J qn k qn k 2<j„ fe r J 

these intervals, ((q nk , •) = 0. 

Let 5 G]0, |[. Set t k = L^ a n fc +iJ- For J C X and u e R, we set 
( J + u) = J + m mod 1. Set 

A k = U^Jo 1 U*!^ 1 (4j - sq nk a), B k = U^ 1 U^ 1 (J ktj - sq nk a). 
The distance between the intervals L- r and J k r is at least 



2qn k 

q nk \0 nk \. Since, by the choice of t k , we have q nk \9 nk \t k < ^ <7nJ^J> 

the translated intervals in the definition of A k and B k do not overlap. 

Let us consider the cocycle at time t k q nk . We have ((t k q nk ,x) = 
Y^s=o C(Qn k i x + s Qn k ct)- By the preceding analysis of the values of ( q , 
we have ((t k q nk , ■) = ±1 on ^ and B k . Also 

Leb(A fc ) = \t k q nk q nk \6 nk \ > -8a nk+1 -^- > ^-5 > 0. 

^ * Qn k +1 * 

Since t k q nk a mod 1—^0, and since on A k the cocycle takes at most 
the two values ±1, we have shown that 1 or —1 is a quasi-period for 
the cocycle (£ n ). 

The possibility that case 3) occurs infinitely often is analyzed the 
same way, with the conclusion that 1 is a quasi-period. 

Thus, no matter which of the three cases occurs infinitely often, 1 is a 
quasi-period for the cocycle The claim now follows, by Lemma [TUl 



We will now establish the main result of this subsection. 

Theorem 9. Let ^> : X — > Z 2 be the function defined by equation ( 12TT) . 
Then, over any irrational rotation p a : x — > x + a mod 1 on the circle, 
the corresponding cocycle is ergodic. 

Proof. Set \& = (^1,^2) and /3 — | — | . The functions ^1,^2 satisfy 
i/}i(x) + if} 2 {x) = j(x), if)i(x) - i/} 2 {x) = j(x + (3). 
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By Lemma [9] and Lemma [12, for an infinite sequence (n&) we have 
7(g nfe , x), 7(g nfc , G {±1}- This implies the existence of measurable 

sets Ak C X satisfying Leb(Ak) > |, and such that for x G the 
vector function (7(g nfc , j(q nh , x + (3)) is constant. Its values are 
(+1,+1), (+1,-1), (-1,+1), or (-1,-1). 

Thus, for x G A k , the vector function (tpi(q nk , x), il) 2 (q nk , x)) is iden- 
tically (1,0), (0,1), (—1,0), or (0,-1). Hence, one of the elements 
(±1,0), (0, ±1) G Z 2 is a quasi-period for the cocycle (^f n ). Suppose, 
for instance, that (1, 0) is a quasi-period. Hence, by Lemma [TUl (1, 0) is 
a period. Let / be a p a ^-invariant function. It defines a p a ^-invariant 
function on X x Z. Here £ : X — > Z is given by equation (|40p . By 
Theorem [HI / = const, i. e., the cocycle (^ n ) is ergodic. The other 
cases are disposed of the same way. ■ 
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